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The kinetics of enzymatic clotting reactions such as the clotting of blood or milk, is analyzed. The appearance of a la_e 
phase in the clotting is shown to be due to the difference in reaction order of enzymatic production and flocculation_ The 
wei@t-averqe particle wei&t of the product formed is found to be a quadratic function of the reaction time. The condi- 
tion for the clotting time is tm = C. where t is the clotting time, ks the flocculation rate constant, Y the maximum 
rate of enzymatic product formation and Ca constant. In agreement with this result double-logarithmic plots off versus 
enzyme dilution are always observed to be linear over a wide range of enzyme concentrations. No statistical evidence could 
be produced for the widely held belief that the clotting time shQuld be inversety proportional to the enzyme concentration. 
Varyi= exponents of the latter in its relation to the cIotting time are discussed in terms of van SmoluchowskTs theory Qf 
the slow coa@ation of colloidal particles. 

I _ Introduction 

Enzymatic clotting processes are well known in 
pure and applied biochemistry. The clotting of blood 
[I] and the curdling of milk [2] are certainly the 
most spectacular examples, but also the conversion of 
ovalbumin into plakalbumin by subtilisin [3] and the 
formation of collagen fibers from procollagen by pro- 
collagen peptidase (41 fall into the same category of 
reactions. 

Jol& recently [S] pointed out the close resem- 
bLnce of the processes of blood and milk coagulation_ 
In both instances the clotting is initiated by a limited, 
specific proteolysis of the substrate. Thus with blood 
clotting the final reaction consists in the conversion 
OF fibrinogen into fibrin Cl.51 through the splitting 
off of some low-molecular weight peptides by the en- 
zyme thrombin (EC. 3_4.21.5), In the case of milk 
the enzyme generally used is chymosin (E-C. 3_4_23_4), 
which cleaves a macropeptide with a molecular weight 
of about 6700 from K-casein [5,6]. Thombin and 

chymosin are proteases with a trypsin- and a pepsin- 
like activity respectively. They may successfully be 
replaced by less specific enzymes, such as ficin, papain 
or microbial proteases [I ,251. 

The clotting time of milk and blood is widely used 
for assay of the clotting enzyme [ 1,2,6,7]. The useful- 
ness of the method rests on the observation that with 
both processes the clotting time, i.e. the lag periodbe- 
tween the addition of the enzyme and the moment at 
which the clot becomes visible, is sometimes found to 
be roughly proportional to the reciprocal of the en- 
zyme concentration_ In the case of the clotting of 
fibrin, it is stated that over a limited range of throm- 
bin concentrations 

re’ = c. (11 

where r is clotting time, e enzyme concentration and 
7 and Care constants [1,7,8]. With the milk clotting 
reaction Segelcke and Starch [9] claimed more than 
a century ago that the exponent 7 = 1, but numerous 
exceptions to this simple rule have been reported 
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[6,9]. On the basis of eq. (1) it is recommended [7,8] 
that the pIot of log t versus log (e> is used in enzyme 
determinations. It is the aim of the present paper to 
investigate on what theoretical grounds eq. (I) is 
based, and to provide a qualitative picture of the ex- 
ceptions to be expected. 

The occurrence of a lag period in the clotting of 
blood and milk has given rise to much speculation 
about the existence of a primary (or enzymatic) and 
a secondary (or coagulation) stage in the clotting 
process. The underlying idea is that first the substrate 
must completely be modified before clotting can start. 
It has never been established unequivocally, however, 
that the two stages do proceed separately. Through 
the analysis given below. we shall demonstrate that 
actually both steps start simultaneously and that the 
lag period is merely the result of the different orders 
of the enzymatic and coagttlation reactions. A prelim- 
inary account of this study has been presented before 

POI- 

2. Kinetic theory 

Consider the following sequence of reactions: 

E+S --..I ES 
KT 

cE+P,+M (22) 

and 

iPr k_ Pi (i=2>,....), (3) 
s 

where E stands for enzyme, S for substrate and P, 
and M for the clotting product and the peptide split 
off. The coagulation of PI is schematized in eq. (3). 
At this level of the theory we shall not discuss wheth- 
er the coagulation of P, will lead to the formation of 
floccules, linear aggregates or a gel, but only mention 
that according to von Smoluchowski’s early theory 
[lI,12] coagulation reactions are bimolecular, the 
rate constant, k,, being diffusion-controlled in the 
simplest case. 

Also we shall not discuss whether the enzymatic 
prorhnztion of PI is slowed down by exhaustion of 
the substrate or the presence of competitive inhibitors. 
The rationale for this neglect is that we are interested 
only in the initial stages of the clotting process, where 
substrate and inhibitor concentrations are assumed to 

be constant. With that restriction the various rate laws 
for the enzymatic production of PI reduce to [13]: 

(dPr /dr),,z,,me = k (c) = v, (4) 

with k a constant *_ 
The total rate of change of the concentration of P, 

now becomes the sum of its enzymatic production and 
the decrease of particle number by the bimolecular 
flocculation reaction, therefore 

dPIldt = V- k, P, c pi_ 
/=1 

(5) 

The production of multiple, aggregated particles is 
completely described by von Smoluchowski’s rate the- 
ory [11,12]: 

(6) 

where we have tacitly introduced von Smoluchowski’s 
approximation of a rate constant, IL, independent of 
particle size [ 11 ,I 21. Summation then yields for the 
rate of change of the total particle number 

d~iPj 
- = 

dr (7) 

Integration of the latter equation, subject to the con- 

dition that Cj Pi = 0 at f = 0, yields for the total par- 
ticle number: 

FP/ =d2- tanh (f/i), (8) 

where T is defmed as 

T = 1 /dkx. (9) 

The parameter r will be called the enzymatic clotting 
time hereafter. 

With the same condition of zero particle numbers 
at zero time, we find for the numbers PI to Ps (see 
Appendix I): 

* In ease the substrate concentration is mu& larger than the 
Michaelis-hfenten constant Km, k = ks. otherwise 
k =k3(W(K, +-CT)). 



P, = dm Ctanh (F/T) + (r/r)fCosh’ (t/r)3/2, 

P2 = dm [tanh (f/r) - {(r/r) - 2(r/~)~ tanh (f/r)1 Icosh” (r/7)] /8, 

P3 = 42% [tank (r/r) - {(rfr) f 2 (f/~)~ 13 - (r/rj3 m.h2 t’tlT>) /cosh2 (+-)I f 16, 

P4 = %.I- [S tarlh (f/T)/4 - {S (f/z-)/4 f + (f/T)2 tan.h (f/T) + (r/r)3 13 

- (r/~)~ tan@ (r/r) - 2(f/@ tanh3 (r/r] +4(t/7)’ tanh (r/r)/3)/cosh’ (t/r)] I32, (13) 

and 

Ps = d2x [? tanh (f/r)/4 - {7 (f/r)/4 f (t,/~)~ tanh (t/r) f (t/ip /6 

- (t/7j3 tanh2 (r/i)/2 - Z(Z,/T)~ tank3 (t/r) + 4(r/~)~ tanh Q/r)/3 - 4(r,/~)~ /I 5 

f 2 (t/@ tanh* (r/r) - 2 (r/$ tanh4 (r/r)} /cash? (f/r)] /64. 

The relative particle numbers Cj Pi/&x and 

Pi/m are plotted in fig. 1 as a function of the di- 
&TW = &fL C j2 Pj 

I / 
C jPp 
i 

(14) 

(15) 

mensionless ratio r/~_ 
Since we are likewise interested in the tux3Mity or 

viscusity changes brought about by the clotting en- 

zyme, we have afso investigated the time dependence 

of the weight-average molecular weight of the cIotting 
product : R&at& particle oumlxxr 

where Bff, is the mofecuhr weight of tts species PI_ 

Since the computation ofPi becomes increasingly 

laborious with increasing degree of ffocculation, and 
since it is not known beforehand how many Pi-terms 
are needed for a representative summation by eq_ (1 S), 

x 

I I !I I 8 
d ,’ 

t/r - 
n- & r’ 

Fig. 1. Skowin relative particle numbers as a function of time. (1) Z-F/m* (2) PI/~- (3) P&f%@-+ (4) Pa/m 
(51 P&&.6) P&!@&. ikkuktions performed on the He&&?-packa~i?~83Q A calcuta~~r. equipped IV& the 9862 A c% 
eulator plotter. 
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Fig. 2. Time-dependence of the reduced weight-avenge par- 
rick weghr, C&,/M,)--1, plotted against r/r. (I) The. incomplete 
result obtained by summation of the first 5 terms in 
Sij2Pj/SijPj, (2) According to the complete esprewion (16). 
Dashed line: extrapolation according to T. Sanner and G. 
Kovzks-Proszt (ref. [ 161). Calculations pexformed on the 
HewIett-Packard 9830 A calculator, equipped with the9862A 
calcuhtor plotter. 

an exact expression for @\v was derived by means of 
a generating function. It is shown in Appendix II that 

this leads to 

(16) 

A graphical representation of the reduced weight-aver- 
age molecular weight, a,v/M1 is given in fig. 2. 

5. Discussion 

The .nost interesting result of the present theory is 
the appearance of a tag period in the formation of 

multiple particles and in the concomittant increase of 
the weight-average particle weight (cf. figs. 1 and 2). 

Such lag periods have been observed a great many 
times [I ,2,8,99] and are in striking contrast with the 
famihar kinetics of the flocculation of_colloidal par- 

titles, which shows a linear increase of the average par- 
ticle weight [ 1 1,121. The lag period arises as a conse- 
quence of the second order of the flocculation reaction 

(cf. eq. (7)) which will not get going as long as the con- 
centrations of the flocculating species, Pi, remain low. 
Indeed, the concentrations of the latter are triggered 
by the enzymatic, zeroth order production of P,. By 
expansion of eq. (8) we find for the total particle 

number: 

CPi’ vt - k,V2t3/6 f k;V3rs/30 - ___, (17) 
i 

which shows that initially the total particle number is 

only determined by the enzymatic production of P, 
and not influenced by flocculation. The same conclu- 
sion is reached when inspecting the plots of the mul- 
tiple particies P2 to Ps versus t irne in fig. 1_ 

Due to the counteracting effects of the enzymatic 
production of P, and the decrease of the total particle 
number through ffocculations Xi Pi becomes station- 
ary at, say, r/7 > 3 : 

]im CPj=dm. 
r/r 2 3 j 

AI1 particle numbers can be related to this limiting to- 
tal particle number. The significance of the enzymatic 

clotting time, r, can now be visualized as the time 
needed for the enzyme to produce this limiting par- 

ticle number in the absence of any flocculation. 
In the example of fig. 2 we have chosen to explore 

the fate of the weight-average molecular weight. In- 
deed, this is the ultimate physical quantity determin- 
ing the light scattering and turbidity, and, with proper 
retrictions 1141 also the intrinsic viscosity of the sys- 
tem. These quantities have indeed been used mostly 
to monitor the lag phase in the clotting of blood or 
milk [I 5-181. 

Strictly speaking it is the weight-average of the 
whole solute that is relevant in these matters and the 
disappearance of the substrate and the appearance of 
the peptides spIit off should therefore also be consid- 
ered. it is clear, however, that as long as the moIecuIar 
weight of the Iatter is much smaller than that of the 
substrate, this correction can safely be omitted. With 

fibrinogen a~ a substrate this may Iargely be the case 
15,19]. With micellar or rc-casein, however, the macro- 
peptiCe spht off has the considerable mofecuIar 
weight of about 6700 [S,ZO]. The cleavage may lead 
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8 

Fig. 3. Typic4 examples of the regression of log clotth time on log enzyme dilution, (A) Data collected by L.B. Jacques [27] with 
the clotting of &rated horse plasma by thrombin. (B) Data collected by W. Grimmer and M. Kruger 1281 with the clotting of milk 
by rennet. Data digested according to J.H. Naim, PIotter Pack Program for Polynomial Regression, Hewlett-Packard Co., ed., Love- 
land, Colorado. 



T_A.J. Payens et al/Enzyme-friggered cIorting reacrions 259 

Table 1 
Double-logarithmic regression of clotting time versus enzyme dilution observed with the clotting of blood (or fibrinogen) and milk 
(or wcin) 

- 
Substrate Enzyme prep. Slope R29) Number Ref. 

of-esps. 

blood plasma lung tissue extract 0.29 0.995 18 24 
blood plasma chicken embryon. extract 0.4 1 25 
blood plasma chicken embryon. extract 0.50 - 25 
blood plasma chicken embryon. extract 0.68 - 25 
blood pIasma thromboplastin 1.08 0.999 4 26 
titrated horse ~lastna thrombin 0.73 0.967 9 27 
human fibrinogen human thrombin 1.0 - 15 
milk calf rennet 0.77 0.998 18 28 

milk calf rennet 0.95 0.999 16 micellar casein mlf rennet 0.99 0.9 76 5 :,’ 

easein cJlf chymosin 0.87 0.987 4 29 
Kasein hf. Pusillus protease 0.83 0.992 4 29 

--. 

a) Data digested according to J-H. Nairn, Plotter Pack Program for Polynomial Regression, Hewlett-Packard Co., cd., Loveland, 
Colorado. 

b, Unpublished resutts from this laboratory. 

strate would begin to occur, some modification of the 

theory is necessary to account for the decreasing pro- 
duction. Since, however, the lag phase coincides with 
the very beginning of the enzymatic reaction, it is 

clear that exhaustion cannot severely affect the con- 
clusions given above. 

Finally we note that the model proposed could 

find wider application in colloid chemistry_ It could, 
for instance, also be used to describe the kinetics of 

the interfacial flocculation of adsorbed particles, the 

surface concentration of which is triggered by a slow 
adsorption step. 

Appendix I Solving the rate equations for individual 
particle numbers 

Substitution of the expression (8) for Zi Pi in 
eq. (5) yields 

dPl/dr= v--_(t)P,. (A-1) 

where A(t) is defined as 

A(t) = (2/r) tanh (t/r)_ (A-2) 

which after introducing the proper boucdary condi- 

tions, reduces to 

p, = v e-JA Wdr 
I 

eflA (0dr dt 
(A-3) 

After working out the exponentials in this expression 
and integrating one finds P, as given in eq. (IO). 

With the expressions (8) and (10) for X,-Pi and P,, 
one has for the rate of change of double particles: 

dP2/dt =+ k,lf - k,P, cpi 
i 

= B2@) - A(r)* P2, 

with 

Bz(t) =3 k, 
( 

Ve -f~(r)dr~e+~~W~ dt _ 

The solution to (A-4) is 

(A-4) 

(A.51 

P2 = e -IA (r)drJB2(t)e+JA(f)df dt, CA.61 

The solution to eq. (A-1) is 
which after working out the exponent&& and ir&egra- 

tion yields eq. (11). 
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ft is easily verified that since 

dP3/dt=k,P~P2-k,P3 IgPj, 
J 

that 

and that therefore the solution of Pj -a~ that of par- 
tides of higher index - proceeds along the same line 
as with Pz_ We have not succeeded in finding a gener- 
alized expression for Pi with the particle numbers in- 
tegrated thus far. 

Appendix II The time-dependence of the weight- average particle weight 

The general expression for the rate of change of the number of i-fold particles is 

where x = r/r- Introducing Zi Pi from eq. (8), eq. (A.8) becomes 
i-l 

dPi/dx = -2Pi tanh x + ~k~Vl~l PiPi_j (i=2,3,...). 

The general solutisn of (A9), subject to the condition that Pi = 0 at x = Cl, is 

Pi = ~~j: 

i-L 

coshl (s) c P. P-_ . ds/cosh2x j=l I ’ I 
0 

(i = 2J,.._). 

Consider the following generating function: 

(A-8) 

(A-9) 

(A-IO) 

which after introducing Pi from (A-10) and changing the sequence of summation and integration, becomes 

9~~. X) = zP~(x) ~~~~~ cOSh2(S) ~~~ ~~~ pi Pi-j .i 
I 

aSlcOSh2(X)- (A-11) 
0 

It is easily verified that the double sum in this expression equals o2 and that therefore 

I) (z, x) = zP, (x) f &mj: co&(s) +b2(z, s) &/coshg (x)_ 
0 

(A-12) 

It follows from the defiition of 9 (z, x) given above that 

(A.13) 

The first term on the right-hand side of this equation is the total number of subunits produced by the enzyme, 
dm x. The second term equals $ JmS x3_ This can be proved as follows. By straightforward differentia- 
tion of (A.12) we have: 

a2w 4 
a=2 

/ 
z=1 

=~~cosh2k)(2(~i=~l)2 + 2 & ($I,=,)) d.+O*2X- 
0 

(A-14) 

Since &=t = I$ Pi and alfilaz(=, r = Zj;iiPj, it follows from (A-14) that the function h(x) defined as 
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h(x) = cosh2 (x) 
a*$(Z.x) 

a,2 
I 

= 2d-f~’ cosh2 (s) ds + 21 tanh (s) h (s) ds. 

.?=1 0 0 

(A.1 5) 

and that 

diz (x)/d-r = 2dm x2 cash?- (x) f 2 tanh (x) h(x). 

The solution to (A-16) is 

h (xx) = $ dm; x3 cash” (x), 

which shows that indeed 

(A-16) 

(A-17) 

a%a(z,x) 
--__ 
a9 1 =$ ~2spy. 

IZ’l 
Inserting this result into (A-13) and dividing both sides by CjjPi fix~diy yields 

(~-18) 
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