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The kinetics of enzymatic clotting reactions such as the clotting of blood or milk, is analyzed. The appearance of a lag
phase in the clotting is shown to be due to the difference in reaction order of enzymatic production and flocculation. The
weight-average particle weight of the product formed is found to be a quadratic function of the reaction time. The condi-
tion for the clotting time is t+/k¢ V/2 = C, where ¢ is the clotting time, &g the flocculation rate constant, ¥ the maximum
rate of enzymatic product formation and C a constant. In agreement with this result double-logarithmic plots of r versus
enzyme dilution are always observed to be linear over a wide range of enzyme concentrations. No statistical evidence could
be produced for the widely held belief that the clotting time should be inversely proportional to the enzyme concentration.
Varying exponents of the latter in its relation to the clotting time are discussed in terms of von Smoluchowski’s theory of

the slow coagulation of colloidal particles.

1. Introduction

Enzymatic clotting processes are well known in
pure and applied biochemistry. The clotting of blood
[1] and the curdling of milk [2] are certainly the
most spectacular examples, but also the conversion of
ovalbumin into plakalbumin by subtilisin {3] and the
formation of collagen fibers from procollagen by pro-
collagen peptidase [4] fall into the same category of
reactions.

Jollés recently [5] pointed out the close resem-
blance of the processes of blood and milk coagulation.
In both instances the clotting is initiated by a limited,
specific proteolysis of the substrate. Thus with blood
clotting the final reaction consists in the conversion
of fibrinogen into fibrin [1,5] through the splitting
off of some low-molecular weight peptides by the en-
zyme thrombin (E.C. 3.4.21.5). In the case of milk
the enzyme generally used is chymosin (E.C. 3.4.23.4),
which cleaves a macropeptide with a molecular weight
of about 6700 from «-casein [5,6]. Thrombin and

chymosin are proteases with a trypsin- and a pepsin-
like activity respectively. They may successfully be
replaced by less specific enzymes, such as ficin, papain
or microbial proteases [1,2,5].

The clotting time of milk and blood is widely used
for assay of the clotting enzyme [1,2,6,7]. The useful-
ness of the method rests on the abservation that with
both processes the cloiting time, i-e. the lag period be-
tween the addition of the enzyme and the moment at
which the clot becomes visiole, is sometimes found to
be roughly proportional to the reciprocal of the en-
zyme concentration. In the case of the clotting of
fibrin, it is stated that over a limited range of throm-
bin concentrations

te"=C, )

where £ is clotting time, e enzyme concentration and
v and C are constants [1,7,8]. With the milk clotting
reaction Segelcke and Storch [9] claimed more than

a century ago that the exponent vy = I, but numerous
exceptions to this simple rule have been reported
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[6,9]. On the basis of eq. (1) it is recommended [7,8]
that the plot of log ¢ versus log (e) is used in enzyme
determinations. It is the aim of the present paper to
investigate on what theoretical grounds eq. (1) is
based, and to provide a qualitative picture of the ex-
ceptions to be expected.

The occurrence of a lag period in the clotting of
blood and milk has given rise to much speculation
about the existence of a primary (or enzymatic) and
a secondary {or coagulation) stage in the clotting
process. The underlying idea is that first the substrate
must completely be modified before clotting can start.
It has never been established unequivocally, however,
that the two stages do proceed separately. Through
the analysis given below, we shall demonstrate that
actually both steps start simultaneously and that the
lIag period is merely the result of the different orders
of the enzymatic and coagulation reactions. A prelim-
inary account of this study has been presented before
{10].

2. Kinetic theory

Consider the following sequence of reactions:

E+S &' ES_>E+P +M @)
1 k3

and

iPl T Pi (i=2,3,.-.-), (3)

S
where E stands for enzyme, S for substrate and P,
and M for the clotting product and the peptide split
off. The coagulation of Py is schematized in eq. (3).
At this level of the theory we shall not discuss wheth-
er the coagulation of P; will lead to the formation of
floccules, linear aggregates or a gel, but only mention
that according to von Smoluchowski’s early theory
[11,12] coagulation reactions are bimolecular, the
rate constant, &, being diffusion-controlled in the
simplest case.

Also we shall not discuss whether the enzymatic
production of P; is slowed down by exhaustion of
the substrate or the presence of competitive inhibitors.
The rationzle for this neglect is that we are interested
only in the initial stages of the clotting process, where
substrate and inhibitor concentrations are assumed to

be constant. With that restriction the various rate laws
for the enzymatic production of Py reduce to [13]:

(AP} 4D enzyme = K () =V, @)

with & a constant *.

The total rate of change of the concentration of P;
now becomes the sum of its enzymatic production and
the decrease of particle number by the bimolecular
flocculation reaction, therefore

AP /dt=V — k Py Z)l P,. (5)
, =

The production of multiple, aggregated particles is

completely described by von Smoluchowski’s rate the-

ory [11,12]:

dpP k=i—1 2—;

—i_1 PP, — k_P; s 6

dr stkizf)_ e s ©
=]

where we have tacitly introduced von Smoluchowski’s
approximation of a rate constant, kg, independent of
particle size [11,12]. Summation then yields for the
rate of change of the total particle number

d=; P; 2
(il 1
L vk (?P]-) . @
Integration of the Iatter equation, subject to the con-
dition that EI- PI =0 at ¢t =0, yields for the total par-
ticle number:

23 P; =~/2V]k, tanh (¢/7), ®)
J

where 7 is defined as

=1 ks V2. )

The parameter 7 will be called the enzymatic clotting
time hereafter.

With the same condition of zero particle numbers
at zero time, we find for the numbers Py to P5 (see
Appendix I):

¥ In case the substrate concentration is much larger than the
Michaclis—Menten constant K, k = k3, otherwise
k=E3(5)/ (K, + SN,
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Py =\2F[k {tanh G/7) + (z/D)fcosh? (¢/7)}/2, (10)
Py =/2V/k, [tanh (¢/7) — {(t/?) — 2(t/7)? tanh (¢/7)} [cosh? (¢t/7)]/8, (i
Py =\2V]k [tanh (t/7) — {(¢/7) + 2(¢/7)3 I3 —(¢/)? tanh2 (¢/7)} [cosh? (z/7)] 16, 12
Py =\/2V/k, [5 tanh (¢/7)]4 — {5(t/0)4 + 5 (¢/7)? tanh (¢/7) + (/)3 /3
—(t/7)? ranh? (¢/7) — 2(¢/7)* tanh® (¢/7) + 4(z/7)* tanh (¢/7)/3} [cosh2 (/)] /32, @13)
and
Ps =\/2V]k_ [7 tanh (t/7)/4 — {7 (t/)/4 + (z/7)* tanh @/7) + (t/7)3 /6
— (/73 tanh? (/7)/2 — 2(z/7)* tanh3 (/) + 4(¢/7)* tanh (¢/7))3 — 4(t/7)5 /15
+ 2(t/7)° tanh? (¢/7) — 2(t/7)° tanh?* (¢/7)} /cosh? (¢/7)] /64. (4)
The relative particle numbers Z; P;A/2V/kg and My=M 2372 P; / 2P, (15)
P;[\/2V]k are plotted in fig. | as a function of the di- ! !
mensionless ratio £/7. where M is the molecular weight of th_ species P,.
Since we are likewise interested in the turbidity or Since the computation of £; becomes increasingly
viscocity changes brought about by the clotting en- Iaborious with increasing degree of flocculation, and
zyme, we have also investigated the time dependence since it is not known beforehand how many Pjyterms
of the weight-average molecular weight of the clotting are needed for a representative summation by eq. (15),
product:

Relative particle numbers 1
]‘ @\
i

q.04

8 g g 8 L —
= - o4 o =
Fig. 1. Showing relative particle numbers as a function of time. (1) E‘,-Pj/\/z V7ks; 2) Py /\/2V7ks; (3) P3 [\ 2V/k; Q) P3IN2 V?ks;

(5) PaN2V/E ;: (6) Ps/\/2V/k,. Calculations performed on the Hewleti-Packard 9830 A calculator, equipped with the 9862 A cal-
culator plotter.
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Fig. 2. Time-dependence of the reduced weight-average par-

ticle weight, (Af,/Af;)~1, plotted against 7/r. (1) The incomplete
result obtained by summation of the first 5 terms in

-‘3,-1'21’,-/-‘3]- F Fj. (2) According to the complete expression (16).
Dashed line: extrapolation according to T. Sanner and G.
Kovdcs-Proszt (ref. {16]). Calculations performed on the
Hewlett-Packard 92830 A calculator, equipped with the 9862A
calculator plotter.

an exact expression for M, was derived by means of
a generating function. It is shown in Appendix Il that
this leads to

My, =M {1 +3 (t/7)%}. (16)

A graphical representation of the reduced weight-aver-
age molecular weight, M, /M is given in fig. 2.

3. Discussion

The .nost interesting result of the present theory is
the appearance of a lag period in the formation of
multiple particles and in the concomittant increase of
the weight-average particle weight (cf. figs. 1 and 2).
Such lag periods have been observed a great many
times [1,2,8,9] and are in striking contrast with the
familiar kinetics of the flocculation of colloidal par-

ticles, which shows a linear increase of the average par-
ticle weight [11,12}]. The lag period arises as a conse-
quence of the second order of the flocculation reaction
(cf. eq- (7)), which will not get zoing aslong as the con-
centrations of the flocculating species, £, remain low,
Indeed, the concentrations of the latter are triggered
by the enzymatic, zeroth order production of P,. By
expansion of eq. (8) we find for the total particle
number:

2P =Vi— k236 +K2PSB0~ .., (7)
7

which shows that initially the total particle number is
only determined by the enzymatic production of £y
and not influenced by flocculation. The same conclu-
sion is reached when inspecting the plots of the mul-
tiple particles P, to P5 versus time in fig. 1.

Due to the counteracting effects of the enzymatic
production of P and the decrease of the total particle
number through flocculations 2,- #; becornes station-
ary at, say, t/7=>3:

lim 23 P =\2Vjks. (8)
t/f+=3 7]
All particle numbers can be related to this limiting to-
tal particle number. The significance of the enzymatic
clotting time, 7, can now be visualized as the time
needed for the enzyme to produce this [imiting par-
ticle number in the absence of any flocculation.

In the example of fig. 2 we have chosen to explore
the fate of the weight-average molecular weight. In-
deed, this is the ultimate physical quantity determin-
ing the light scattering and turbidity, and, with proper
restrictions [14] also the intrinsic viscosity of the sys-
tem. These quantities have indeed been used mostly
to monitor the lag phase in the clotting of bleod or
milk [15~18).

Strictly speaking it is the weight-average of the
whole solute that is relevant in these matters and the
disappearance of the substrate and the appearance of
the peptides split off should therefore also be consid-
ered. It is clear, however, that as long as the molecular
weight of the latter is much smaller than that of the
substrate, this correction can safely be omitted. With
fibrinogen as a substrate this may largely be the case
[5,19]. With micellar or «-casein, however, the macro-
peptice split off has the considerable molecular
weight of about 6700 [5,20]. The cleavage may lead



in these cases to 2 small, but distinct decrease of the
weight-average molecular weight in the veginning of
the clotting process. The appropriate correction wilt
be dealt with in the next paper of 11l wenies.

As mentioned in the Introduction, the determina-

tinn af tha Alatrine time ic widaty wead fary tha acgasy
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of the clotting enzyme. To this end Sanner snd
Kovidcs-Proszt [16] extrapoliated the seemingly linear
patt of the absorbance increase in stopped-flow exnpex-
iments as indicated in fig. 2. The present analysis {cf.
Appendix H) demounstrates, however, that the abwot-
bance is not 2 linear function of the reaction time,
and that consequently a linear extrapolation might
introduce a considerable error in the determination of
the clotting thme. If the clotfing time s found by visu-
al inspection of the samples tufbidity or by 2 Yhwo.
fogicaf technique, one actually measoied the (1f+)-
valise carresponding to a particular molecular welght.
It is obvious from fiz. 2, eq. (163 and the definition of

~ fUar fy A (DY thias tha camditinn inre tho alatting
T EIVER I €. U7 NAL I SONGIII0TN 10T WGE GOWINE,

time thus is:
eVEVIT=C (19)
with Ca constant depending on the practice ciosen
to determing £

The importance of the relation (19) lies in the ob-

warintina fhat iF Alanclsy indianton tlaat tleas ~lattine
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time is defermined by the flocoulation rate constant,
&, to the same extent as by the enzymatic velocivy.
Clotting time measurements therefore do not appeat
an unambiguous method for the assay of the clotting
eazyme as long as the constancy of & s not giayan-
teed. For enzyme determinations the release of the
peptide split off or the use of synibetic substuaies
[21-23] are therefore to be preferred. On the other
hand it is seen that under carefully controlled en-
rymatic conditions the measurament of the clotiing,
tirne may yield useful information about the floccala-
tion rate constant &,. Examples of such application
will be given in subseguent papers of this series.
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the relationship (19) pradicts that the plot of g ()
versus log (¢)~! should be linear with a stope 0.5. In-
deed, an investization of the numerous daty obtamed
by different authors with the clotting of bilaod (or i~
brinagen) and of miltk (or casein} reveals lintar doubie-
logarithmic regression lines over a wide range of en-
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in Gg. 3, The exgactation of the slope of such plots
baing 0.5 is, however, seldom fulfilled as 1he statistical
analysis of the results of a good number of authors in
tabie 1 demonstrates. Only Fischer [23], studying the
clotting of bloed plasma by chicken embryonic ex-

tract has ohcorvad that the clotting time wag ronchiy
LOACL, s gohsarvag nal he clottmg time was reugiuy

proportional to 14 /{e). The exceptions found by him,
wers aseribed (o assaciation-dissociation reactions of
accompanying heparin, which is 2 notorious dlood
anticoagulant.

Tabie 1 further shows, that there exists no statisti-
cal evideuce that the clotting time should be inversely

menanstinnnl ta tho an2uma AnnAasnfentian ffanar  wo
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fias often been sugeasted {2,517,

Fischer’s experiments {25] do indeed prove that
the presence of varying inhibitor-conceniraiions snay
tntecfere with the establishment of the correct depen-
dence of the clotting time on the enzyme concentra-
tion. lo experiments. in which the enzyme concentra-

tinn ic vaviad by cimnla dihiiticn rare chonld thacofoea
AR R VR A LA Vx :‘ll‘tﬂ’.'\p FAILALINESy Ll i SEIVURNR ARV N AR

be taken to keep the concentration of accompanying
tnbuibitors (or activators) constant.

{n general, however, there is no reason 1o guastion
thie validity of eq. (4), and most of the deviating
slopes in table § must therefore be explained by a fioc-
culation rate constant fncreasing with the concentra-
tion of the enzyme. A likely explanation, which will
e explored further in the next paper, is that not ev-
ery collision between Py-particles leads to permanent
contacy, but only those encounters, in which the sites
of attack of the enzyme are involved. In the case of
Ghwelo thace are at least 4 of such sites [19]; with mi-
cellag ot w-casein this number is much higher due: to
the stranyg polymerization of the caseins 130,31 §- Clot-
ting, however, is known to start already before the
maximat number of peptides is aplit off by the enzyme
{191, The fraction of sites available for permapent
contact and the flocceulation vate constant will there-
fore increase with the concentration of the clotting
enryme, Tao e:v.plain the values of the enzyme-expo-
newls actually observed, would reguire a carefin} Siﬁﬁy
of the expedmental conditions, wnder which the dlat-
ting was studied and of the structure of the flocenies
forsmed in each separate case, This will be atiempted
in the next pagen on this subject.

[t should be recalled that the above eguations have
been ﬂeve\oped for the case that the enzymatic pm-
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Fig. 3. Typical examples of the regression of log clotting time on log enzyme dilution, (A) Data collected bi L.B. Jacques [27] with
the clotting of citrated horse plasma by thrombin. (B) Data collected by W. Grimmer and M. Kriiger {28] with the clotting of milk

by rennet. Data digested according to J.H. Nairn, Plotter Pack Program for Polynomial Regression, Hewlett-Packard Co., ed., Love-
l2nd, Colorado.
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Table 1

BDouble-logarithmic regression of clotting time versus enzyme dilution observed with the clotting of blood (or fibrinogen) and milk

{or cascin)

Substrate Enzyme prep. Slope R23) Number Ref.
of-exps.
blood plasma Iung tissue extract 0.29 0.995 18 24
blood plasma chicken embryon. extract 0.41 — - 25
bload plasma chicken embryon. extract 0.50 - - 25
blood plasma chicken embryon. extract 0.68 — - 25
blood plasma thromboplastin 1.08 0.999 4 26
citrated horse plasma thrombin 0.73 0.967 9 27
human fibrinogen human thrombin 1.0 - - 15
milk cailf rennet 0.77 0.998 18 28
milk calf rennct 0.95 0.999 16 17
micellar casein if rennet 0.99 0.976 5 b)
r-casein calf chymosin 0.87 0.987 4 29
x-casein M. Pusillus protease 0.83 0.992 4 29

2) pata digested according to J.H. Nairn, Plotter Pack Program for Polynomial Regression, Hewlett-Packard Co., ed., Loveland,

Colorado.
b) Unpublished results from this laboratory.

strate would begin to occur, some modification of the
theory is necessary to account for the decreasing pro-
duction. Since, however, the lag phase coincides with
the very beginning of the enzymatic reaction, it is
clear that exhaustion cannot severely affect the con-
clusions given above.

Finally we note that the model proposed could
find wider application in colloid chemistry. It could,
for instance, also be used to describe the kinetics of
the interfacial flocculation of adsorbed particles, the
surface concentration of which is triggered by a slow
adsorption step.

Appendix I Solving the rate equations for individual
particle numbers

Substitution of the expression (8) for Z; Pyin
eq. (5) vields

dP [de =V — A(2) Py, A1)
where A(¢) is defined as
A@) =(2/7) tanh (¢/7). A2)

The solution to eq. (A.1) is

Py =e AWM (C + [V et dt) .

which after introducing the proper boundary condi-
tions, reduces to

P = Ve—id (r)drfe+m mdr g, (A3)

After working out the exponentials in this expression
and integrating one finds P; as given in eq. (10).

With the expressions (8) and (10) for Z; P;and Py,
one has for the rate of change of double particles:

dP,/dt =% k P} — kP, 23 P,
J

=B,(f) — A(t)* P5, (A4Q)
with
By(5) =3k ( Ve fa@ar frrama dt). (A.5)
The solution to (A4) is
Py =14 [p ()t IA®Ar 4 (A6)

which after working out the exponentials and integra-
tion yields eq. (11).



260 T.A.J. Fayens et al. [Enzyme-triggered clotting reactions

It is easily verified that since and that therefore the solution of £y — as that of par-
E ticles of higher index — proceeds along the same line

dP3fdr=ks P\ Py — ks 3 7 £, as with P,. We have not succeeded in finding a gener-
that alized expression for P; with the particle numbers in-

By =k Ve—2fA@ds tegrated thus far.
S

X [Ba()e A @ gp [ A@ar g, (A.7)

Appendix II The time-dependence of the weight- average particle weight

The general expréssion for the rate of change of the number of /-fold particles is

- i—1
dP;jdx =~ /3ks IV 2, El pjh//:cs/zr/_zl PP, (A.8)
i= J=
where x =7/7. Introducing Z; P; from eq. (8), eq. (A.8) becomes
i~1
dP,[dx = —2P;tanh x + ks 2V Z)l PP, (=23,..). (A9)
I=
The general solution of (A.9), subject to the condition that P;=0at x =0, is
x i—1
P;=/ET2V [ cosh? () 27 By Py_jdsleoshx  (=23,..). (A.10)
0 7=

Consider the following generating function:
U x)= 24 2'P(x),
i=1

which after introducing P; from (A.10) and changing the sequence of summation and integration, becomes

o f—

1
x
U(z, x) =z P (x) + ks [2 Vf cosh2(s) { ch El P Py_; z*} dsfcosh2(x). (A.11)
It is easily verified that the double sum in this expression equals ¥? and that therefore
X
Uz, x)=zPy(x) + ks 2V f cosh2(s) ¥2(z, 5) ds/cosh2 (x). (A.12)
0

It follows from the definition of Y/ (z, x} given above that

] = 32y (z, x)]
Z)}Zp].= Z},p].+ "’(2 ) (A.13)
=1 j=1 oz z=1
The first term on the right-hand side of this equation is the total number of subunits produced by the enzyme,
V2V]ks x. The second term equals 3 \/2V/k; x3. This can be proved as follows. By straightforward differentia-
tion of (A.12) we have:
24

Yz x) _ r (a_;b (3 ¥

=, =& 12V ‘({' cosh2 (s){2{ 5 N
Since t;bi_,_zl =Z; P and aa,rz/az|:,1 =2;j P, it follows from (A.14) that the function 2(x) defined as

)} ds/cosh2 x. (A.14)

)2+2¢;

z=1 z=1
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X X
R (x) = cosh? (v) 22 ¥ E %) ‘;( N =2y3VK; [ 5% cosh2(s) ds + 2 [ tanh () e ) d, (A.15)
z=1 14} o
and that
dh(x)/dx = 2+/2V/kg x2 cosh2 (x) + 2 tanh (x) h (x). (A.16)
The solution to {A.16) is
n(x) =3 \/2V/ks x3 cosh2(x), (A7)
which shows that indeed
2
9+ ‘r’( 'x) =33_ ’2V/k5x3- (A.lg)
az? lz= 1
Inserting this result into (A.13) and dividing both sides by Ejj P]- finally yields
Esz,-/Z)jP,-: 1+2x2. (A.19)
7 7
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